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Several recent works [1-3] have claimed that the Weak Gravity Conjecture (WGC) excludes 
super-Planckian displacements of axion fields, and hence large-held axion inhation, in the 
absence of monodromy. We argue that in theories with N ^ 1 axions, super-Planckian axion 
diameters P are readily allowed by the WGC. We clarify the nontrivial relationship between 
the kinetic matrix K — unambiguously dehned by its form in a Minkowski-reduced basis — 
and the diameter of the axion fundamental domain, emphasizing that in general the diameter 
is not solely determined by the eigenvalues /f < ... < /^ of A: the orientations of the 
eigenvectors with respect to the identihcations imposed by instantons must be incorporated. 
In particular, even if one were to impose the condition fjy < Mpi, this would imply neither 
V < Mpi nor V < \/]VMpi. We then estimate the actions of instantons that fulhll the WGC. 
The leading instanton action is bounded from below by 5 > SMpi/fj^, with S a fixed constant, 
but in the universal limit S > SyUVMpi/f^. Thus, having /jv > Mpi does not immediately 
imply the existence of unsuppressed higher harmonic contributions to the potential. Finally, 
we argue that in effective axion-gravity theories, the zero-form version of the WGC can be 
satisfied by gravitational instantons that make negligible contributions to the potential. 


March 27, 2015 


Contents 


1 Introduction 2 

2 Geometry of the Axion Fundamental Domain 4 

2.1 Diameter of the fundamental domain 4 

2.2 Eigenvalues vs. the diameter 6 

3 Gravitational Instantons the Weak Gravity Conjecture 7 

3.1 The Weak Gravity Conjecture 7 

3.2 Gravitational instantons 8 

3.3 The convex hull condition for gravitational instantons 11 

4 Instanton actions in generic large N theories 11 

4.1 The dominant instanton and the shortest lattice vector 13 

4.2 Instanton actions in large N ensembles 15 

5 Conclusions 17 


1 


1 Introduction 


Understanding possible realizations of large-field inflation in string theory is an im¬ 
portant problem. A leading idea is to take the inflaton to be an axion held enjoying 
perturbative shift symmetries, as in [4], In axion monodromy scenarios [5, 6], multiple 
traversals of a sub-Planckian fundamental period lead to a super-Planckian displace¬ 
ment. In this work we will be concerned with axion inhation scenarios without mon¬ 
odromy, so that large-held inhation is possible only if the fundamental domain for the 
axion — or axions — has a super-Planckian diameter. 

Many authors have argued that general properties of quantum gravity should ex¬ 
clude super-Planckian decay constants / for individual axion helds (cf. [7]). Very re¬ 
cently, several papers [1-3] have presented arguments that are rooted in, or parallel to, 
the zero-form version of the Weak Gravity Conjecture (WGC) [8], and that claim, with 
varying levels of hnality, to exclude large-held axion inhation in quantum gravity, even 
in systems with N > 1 axions. In this work we will carefully examine the held range 
limits implied by the WGC [1, 3], and by the contributions of gravitational instantons 
[ 2 ]. 

We will hrst point out that the diameter V that is relevant for large-held inhation 
is not solely determined by the eigenvalues of a matrix of charges, or of the kinetic 
matrix: as shown in [9], the orientations of the eigenvectors of the kinetic matrix with 
respect to constraints imposed by periodic identihcations strongly ahect the diameter. 
The problem of computing the diameter amounts to intersecting an ellipsoid of constant 
invariant distance from the origin with the polytope dehning the fundamental domain. 
The orientation of the ellipsoid clearly ahects the answer. One consequence is that the 
limits obtained from the WGC by [3], which take the form of bounds^ on eigenvalues 
of a certain matrix of charges, do not imply that V < Mpi (nor that V < y/NMpi). 

Next, we consider gravitational instantons in an effective theory of axions coupled 
to Einstein gravity, as in [2]. We note that gravitational instantons fulhll the WGC, in 
the sense that the convex hull of their charge-to-mass vectors z contains the unit ball. 
We then ask whether such gravitational instantons necessarily contribute unsuppressed 
higher harmonics to the potential. In the theory of a single axion with decay constant 
/, one expects gravitational instantons with action S ~ Mpi// to make unsuppressed 
contributions for / > Mp\. Generalizing this expectation to theories of N axions is 
nontrivial. The minimum instanton action is determined by the length of the shortest 
vector in the lattice of charges, with metric given by Surfaces of constant instanton 

^The bounded quantities, termed ‘decay constants’ and denoted by /„ in [3], and by fn^ here, differ 
from the quantities we denote by fi in this work (and in [9] ): here fi are the eigenvalues of the kinetic 
matrix K, expressed in a Minkowski-reduced basis, cf. (2.1). 
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Figure 1. The unit ball, contained in the convex hull of the charge-to-action vectors of four 
leading instantons (red) with action prefactor ^leading and eight subleading instantons (blue) 
with action prefactor Sgubieading- 

action are ellipsoids determined by the eigenvectors and eigenvalues of K~^, and in 
particular the length of the semi-major axis is f^. In the highly non-generic case 
where is diagonal, so that the ellipsoid is aligned with the lattice, one has S'min ~ 
Mpi/fN- But a more general possibility is that the ellipsoid does not point directly 
towards any lattice site, and S'min can be far larger. Thus, as in the diameter problem 
described above, determining the minimum instanton action requires information about 
the eigenvectors of K. We use Minkowski’s theorem to obtain an upper bound on S'min, 
and then argue that this bound is nearly saturated in generic large N theories, with 
S'min > '/NMpi/fN- As a result, in such theories the contributions of gravitational 
instantons can be neglected even for ~ Mp\. 

The situation is illustrated in Figure 1: a number of leading instantons give rise to 
the leading non perturbative potential, but by themselves do not satisfy the convex hull 
condition. Other instantons do satisfy the convex hull condition but do not contribute 
signihcantly to the potential. This scenario was anticipated in [1-3]. 

The organization of this paper is as follows. In §2 we describe the geometry of the 
axion fundamental domain, building on our previous work [9] , and carefully explain how 
to avoid ambiguities that have presented problems in the literature. In §3 we review 
the constraints obtained from the WGC and from gravitational instantons, following 
[1-3], and verify that gravitational instantons fulhll the unit-ball form of the WGC. We 
combine these ideas in §4, solving the shortest lattice vector problem that determines 
the dominant instanton, and establishing that higher harmonic contributions to the 
potential need not be present even when /tv ~ Mpi. Our conclusions appear in §5. 


3 





2 Geometry of the Axion Fundamental Domain 

We will begin by reviewing the geometry of axion field space, following our previous 
work [9] , and precisely defining the diameter of held space that is relevant for assessing 
whether large-held inhation can occur. There has been some confusion in the literature 
because of ambiguities in the dehnition of an axion decay constant, and because of 
oversimplihed pictures of the relationship between the eigenvalues of the metric on 
held space, and the diameter of held space. In this section we will clarify these points 
in order to lay the groundwork for assessing constraints from the WGC, and from 
gravitational instantons. However, the statements in this section are independent of 
the WGC, and are deterministic: we defer statements about the typical diameter of 
held space, as dehned in specihed ensembles of iV-axion theories, to §4. 

2.1 Diameter of the fundamental domain 

Consider a theory of N axions with discrete shift symmetries 6^ ^ 6^ + 2tt. We can 
write the Lagrangian in a reduced^ basis, including nonperturbative contributions from 
instantons, as 

C = ^ MpV'"' [1 - cos {Q)e^)] , (2.1) 

i=l 

where Kij is a metric on held space, and Q® corresponds to the integer charge vector of 
the ith instanton with Euclidean action S'® = Sq-^ + SS^, where S'^l is the classical Eu¬ 
clidean action and represents corrections, for example from one-loop determinants. 
We order the instanton terms by their size, with < ... The charge vectors for 

canonically normalized helds are then given by 

^® = Q®^xdiag(/-'). (2.2) 

To understand whether this theory can support large-held inhation, we need to 
evaluate the maximum invariant displacement that is possible in held space, i.e. the 
invariant diameter V of the axion held space. As remarked in the introduction, we will 
not consider monodromy in this work, so the relevant diameter is that of a fundamental 
domain for the periodic identihcations 

Vi : Q)e^ = + 27r , (2.3) 

reduced basis consists of N linearly independent, shortest vectors in (2.2) that form a 
primitive basis: see §4.1. 
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imposed on the axions. In other words, we are interested in the maximal invariant 
distance measured along a straight line that does not pass beyond the maxima of 
any of the cosine terms in (2.1). For the problem of large-held inhation we are only 
interested in the leading potential contributions; suppose that these are the hrst P 
terms of the instanton sum, for some P > N, and that the remaining terms are small 
enough to be neglected. We then ask whether the fundamental domain, now dehned 
by the intersection of the P relevant periodic identihcations, admits a super-Planckian 
diameter. This question was addressed in [9]. 

We begin by writing the P relevant entries of Q as 






(2.4) 


where Q is a full rank set of vectors (see §2.2 below for a discussion of ambiguities 
related to the choice of Q), and Qr is a rectangular matrix consisting of all remaining 
P — N elements. Redehning helds as 


0 = Qfl, 


(2.5) 


we obtain the Lagrangian 

. N 


P-N 


^ = [1-cos(0*)]-^ 1 - cos ((QrQ V)* 


Z=1 


i=l 

-2 \ \ cr2 


where the metric S with eigenvalues > ■ ■ ■ > is now given by 

S = (Q-‘)^KQ-‘. 


( 2 . 6 ) 


(2.7) 


The fundamental domain Air is a polytope dehned by the P constraints Th in 
terms of the helds cf)^, Air is an iV-cube, 


— 7r<0*<7r Vi, (2.8) 

cut by the 2{P — N) remaining constraints 

— TT < (QrQ“^ 0)* < TT Vi. (2.9) 

While in general no closed form expression exists for the diameter "D of Air, we obtained 
a lower bound in [9] by computing the diameter along the direction corresponding 
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to the eigenvector of H with eigenvalue Following [9], we can dehne an operator 
tt7g(w) that rescales a vector w to saturate the constraint equations (2.8) and (2.9) 
dehning the fundamental domain: 

. . 27r , , 

Max, ({l(SQ-w).l})""'' 

We then obtain the diameter [9] 


= ||diag^iSjzj7Q(d^|)|| = 1 |z^q(^|)1|^7v- (2.11) 

Evaluating (2.11) in any given example is straightforward, and the form (2.11) will 
be particularly useful when we study ensembles of theories, with metrics dehned by 
random matrix models, in §4. 

2.2 Eigenvalues vs. the diameter 

While in this work we will be concerned with the implications of the WGC for general N- 

axion theories, rather than the construction of individual examples, it may nevertheless 

be helpful to clarify an apparent conflict in the literature. Finding an example of an 

explicit flux compactihcation in which the axion fundamental domain has a super- 

Planckian diameter "D — which according to [3] is incompatible with the WGC — 

is not difficult [9]. The resolution proposed by [3] is that the example of [9] must 

receive corrections from some new source, e.g. non-BPS instantons omitted in [10], that 

reduce the size of the axion field space in order to make it compatible with the WGC. 

But there is a more immediate resolution: the bound obtained in [3] from the WGC 

constrains the largest ‘axion decay constant’ fP, as defined in [3], to obey fP < Mp. 

As we explain below, the notion of a decay constant is ambiguous in this context, but 

let us temporarily grant the proposition that the WGC obliges the quantity fj^ to 
f3l 

obey fj^ < Mp. This proposition does not imply that the diameter V of the axion 
fundamental domain is sub-Planckian. As such, it does not, in itself, exclude large- 
field axion inflation, and does not necessitate corrections to [10] (although quantifying 

roi 

possible corrections would nevertheless be valuable). In particular, the fff obtained in 
[9] obeys /Jy = 0.02 Mpi, easily obeying the bound claimed by [3], while realizing an 
axion diameter V = 1.13 Mpi. 

When determining an inflationary trajectory, it is most practical to refer to the 
invariant diameter of the fundamental axion domain, as computed in [9] and reviewed 
above. This diameter is not given directly by the eigenvalues /? of K, since this 
information alone is ignorant of the axion periodicities given by the potential.^ The 

^For example, in classes of theories defined in [9] we found T) ~ fV/v, which is parametrically larger 
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diameter is also not directly related to the eigenvalues as the choice of the matrix 
S in (2.6) is not unique. The metric K is related to the metric H by a general linear 
transformation, so the eigenvalues can be much larger (in particular, parametrically 
larger in N) than the eigenvalues ff. In equation (2.4), we made an arbitrary choice 
of a full-rank matrix Q to set N cosine arguments to be the helds 0*. The choice of 
a full-rank square matrix Q from the rectangular matrix Q is not unique in general, 
and the metric H depends on this choice, while the diameter V does not. Thus, even 
though the first two terms in (2.6) could be identified as the Lagrangian of a theory of 
N axions with precisely N instanton terms, and decay constants there are additional 
terms that contain P — N linear combinations of the fields 0®. A different choice of Q 
would then yield different and therefore the eigenvalues are not physical, invariant 
quantities. Said differently, we have different choices of Q, some of which may yield 
very large metric eigenvalues but only one invariant held space diameter. 

The term “axion decay constant” may appear to refer to a well-dehned physical 
quantity, because the relevant notion is unambiguous in the case N=l. However, in 
more general settings with > 1, and especially with P > N, there are signihcant 
ambiguities, and it is problematic to refer to metric eigenvalues as “axion decay con¬ 
stants”, unless these are specihed by a unique and invariant dehnition. Due to the 
persistent ambiguities in the literature we refrain from using the term altogether. 

3 Gravitational Instantons &: the Weak Gravity Gonjecture 

In the previous section we reviewed the geometry of the axion fundamental domain 
and clarihed terminology. We now turn to a precise formulation of the Weak Gravity 
Conjecture for zero-forms and obtain conditions under which it is satished by instan¬ 
tons. We will then estimate the instanton action to verify that instantons that fulhll 
the WGC need not spoil the hatness of the potential. 

3.1 The Weak Gravity Conjecture 

The Weak Gravity Conjecture [8] is the principle that gravity is the weakest force in a 
quantum gravity theory. The weak (or ‘mild’) version of the WGC asserts that there 
exists a particle whose charge to mass ratio Q/M exceeds that of an extremal black 
hole, while the strong version of the WGC asserts that for the lightest charged particle, 
Q/M exceeds that of an extremal black hole. The WGC was motivated by a number 
of ideas about quantum gravity, but most directly emerges from the stipulation that 
the number of exactly stable particles (in any hxed direction in charge space) should 

than the Pythagorean sum of the fi. 
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be finite: this requirement implies the mild form of the WGC. In this work we will 
assess the implications of the strong and mild forms of the WGC for axion inflation, 
but provide no new evidence for or against the WGC as a candidate principle. 

For our purposes it will be important to extend the logic of [8] to cases with multiple 
gauge groups, as developed in [11], Consider a theory containing particle species i with 
charge vectors ^ and masses m*, and define the vector Zi = qi/rrii, in units where an 
extremal black hole has \zbh\ = 1- The mild form of the WGC is then equivalent [11] 
to the statement that the convex hull of the vectors Zi contains the unit ball. 

To generalize the WGC from gauge theories to axions, it is necessary to identify 
the analogues, in the axion context, of charge and mass. Roughly speaking, the WGC 
for a single axion with decay constant / and instanton action S states that S'/ < M^\ 
[8]; cf. [1]. A proposal for a more precise formulation, for axions arising in string theory, 
was obtained by Brown et ah [3] via T-duality. In a theory of axions descending from 
p-forms, with charges and instanton actions S'*, mild WGC is the condition that the 
convex hull of the vectors z'' = Mpi^*/Sj contains the ball of radius rp, where = 1 
for p odd, Ti = 1, and r 2 = 2/a/3 [3]. 

3.2 Gravitational instantons 

Montero et ah [2] have recently proposed that constraints parallel to, but independent 
of, the WGC arise from the effects of gravitational instantons. The claim of [2] is that 
in theories with sufficiently large super-Planckian axion decay constants, gravitational 
instanton contributions to the axion potential lead to unsuppressed higher harmonic 
terms that preclude inflation. In a single-axion theory this result aligns with earlier 
arguments [7] against super-Planckian decay constants. However, we will show below 
that in theories of 3> 1 axions, the constraints from gravitational instantons do not 
present an obstacle to large-field inflation. Moreover, we will argue that there is a direct 
connection to the WGC: the convex hull of the charge-to-mass vectors corresponding 
to gravitational instantons contains the unit ball. Gravitational instantons therefore 
ensure that the zero-form WGC is obeyed, and so presents no remaining constraint 
on non-gravitational instantons, which are generally the dominant terms in the axion 
potential. 

We begin by examining gravitational instantons in low-energy theories of axions 
coupled to general relativity, closely following [2] and [12], in order to obtain the cor¬ 
rectly normalized gravitational instanton action expressed in terms of integer axion 
charges. Consider, therefore, the Euclidean Einstein-Hilbert action coupled to a real 


Euclidean pseudoscalar: 


[-^R + ■ ( 3 . 1 ) 

The goal is to find a solution of the Euclidean equations of motion following from 
(4.9), with the asymptotic profile 

To determine the quantization condition on the parameter n, we follow [2] and consider 
expanding the axion action about a charge-n instanton solution 0 = (0„) + (p: 

f2 r 

s^ = — / (d (0n) A *d {(j)n) +dip A *dip + d {(j)n) A *dip + dip A *d (0„)). (3.3) 

The interaction of a charge-n instanton with the axion is 

Sn = f J dip A *d {(j)n) = J ^{d*d {(j)n)) , (3.4) 

where in the last equality we have dropped a total derivative. Now consider shifting ip 
by a constant a. The change in the action is 

^Sn = pa j d*d{(j)n) . (3.5) 

Applying Stokes’ theorem yields 

= fa j *d {(j)n) = “ y ^ 

53 

We conclude that the potential for the axion has period 27 i/n: 14 ~ cos (n0), and so n 
can be identified as an integer charge. 

With a spherically symmetric ansatz for the metric, 

ds^ = f(r)dr^ + r'^ds'^s , (3.7) 
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the Einstein eqnations have the wormhole solntion [2] 


./ N 1 ,, / N n fTT^dr G , . 

= = ^=^p- (3-8) 

Tracing the Einstein equations we have R = —SirCT, where T = We can now 

evaluate the action. Note that the instanton action will be half of the action quoted 
above, since a wormhole can be thought of as an instanton—anti-instanton pair. The 
instanton action is therefore 

If / f 

S'”‘ = -J = yJ 'i‘^'/\9\(8,4‘d^<t') ■ (3-9) 


Integrating over the yields a factor of 27r^. The radius of the instanton provides 
a small-length cutoff of the solution, so the action becomes 


Sinst^^2f2 / ^(^)-i/V(0'(r))2dr = 


n 


2 I /4 






2 I /4 


IGfVG' 


(3.10) 


The reduced Planck mass is given by 1/Mpi = y/SirG, so we can hnally write the 
instanton action as^ 


qnst _ VOttu Mpi 


^inst _ 


( 3 . 11 ) 


8 / 

where as noted above, n G Z. In the case of iV > 1 axions, the action takes the form 

r2 


S = Jd‘x^\(-'^R+'^g>‘-ajKdj'j , 


( 3 . 12 ) 


where K is the metric on the held space. The solution of the Einstein equations takes 
the same general form, with the modihcations 


_nK^fR ^ 7 _nK ^{r) 

a - dr(j)Kdr(j) — . (3.13) 

Evaluation of the gravitational instanton action with integer charges n yields 


^inst 


a/Ott 


Mpi\/ nK~^fR 


(3.14) 


“^This result is half as large as the action given in [2]; the difference stems from what appears to be 
an error in the second equality in their (3.13). 
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3.3 The convex hull condition for gravitational instantons 

Let us now consider the convex hull of the instantons with classical action of the form 


S'cL = 5A4i V(S-)K-HS‘)^. 


(3.15) 


where S = a/Ott/S ~ 0.96 for gravitational instantons. The zero-form version of the 
weak gravity conjecture now requires that the convex hull of the vectors 



(3.16) 


contains the unit ball. With the charges (2.2) we have 

QW^diag(/ri) 


(3.17) 




where Q* are integer vectors. Evaluating the norm ||^*|| we immediately hnd 



1 

S' 


(3.18) 


The norm of the vector || 2 ;®|| is independent of the charges, so if the charges are un¬ 
constrained integers, the convex hull of the charge to action vectors always encloses a 


sphere of radius 1/iS. The charges of the gravitational instantons considered in §3.2 


are arbitrary integers and therefore satisfy the convex hull condition of the zero-form 
version of the WGC. 

From the preceding arguments we cannot conclude that in string theory, gravita¬ 
tional instantons fulhll the WGC. First of all, it is not clear that nonsingular wormholes 
analogous to those described in §3.2 arise in the low-energy effective theories arising 
from string theory, which generally include additional fields, such as the dilaton — 
see [12]. If corresponding gravitational instantons do exist, their actions may have 
S ^ and in particular could have S > 1.^ 

4 Instanton actions in generic large N theories 

In the preceding sections we have emphasized that in theories with more instanton 
contributions than axions {P > N in our notation), one cannot determine the diameter 
of the axion fundamental domain solely from the eigenvalues of the kinetic matrix; 

®Even for S = /%, gravitational instantons cannot fulfill the convex hull condition with radius 

r 2 = [3] that pertains to two-forms in four dimensions, because 


11 






one also requires information about the orientation of the eigenvectors of the kinetic 
matrix with respect to the boundaries resulting from periodic identihcations. When 
the number of signihcant instanton contributions to the potential is large, computing 
the diameter becomes difficult. 

At the same time, it is precisely in the case P > N that the WGC fails to constrain 
axion alignment mechanisms [13-15] that could give rise to super-Planckian diameters 
in theories obeying the WGC [1, 3]. The idea, which we will make precise below, is 
that the convex hull condition resulting from the WGC may be fulfilled by instantons 
beyond the first N, therefore rendering the first N instantons terms unconstrained by 
the WGC. In such a case one could say that the WGC is neutralized by (some of) the 
P — N additional instanton terms, as anticipated in [1-3]. 

However, the additional instantons that fulhll the WGC might introduce leading 
order terms in the potential, producing new hyperplane-pair boundaries of the funda¬ 
mental domain, and reducing the diameter. In this setting, one might expect — as 
argued in [1-3] — that achieving a super-Planckian diameter is difficult or impossible. 
To correctly assess this, one needs to know how many instantons make relevant contri¬ 
butions to the potential; that is, when is the WGC satisfied by instantons that can be 
neglected in the potential? 

Consider the classical Euclidean action of the ith instanton, which takes the form 

= (4.1) 

The prefactor iS* is fixed for a given class of instantons, e.g. S = v^tt/S for gravitational 
instantons, cf. (3.14). To determine the leading instanton(s), it remains to compute 
a/(Q*)K~^(Q®)''', which is the invariant length of a charge vector. We are interested in 
how small a/(Q*)K~^(Q*)''' will be in a theory with a given kinetic matrix K. This will 
determine the action of the dominant instanton, once S has been hxed by specifying 
the class of instantons (Euclidean Dp-brane, gravitational, etc.) under consideration. 
Naively, one might expect that the typical smallest action is given by 

Min (SiO = . (4.2) 

However, this is in fact just a lower bound on the action. Consider the hypersurface of 
constant action in a basis where the lattice is Z"’: 

qK-^q^<p\ (4.3) 

which dehnes an ellipsoid S with semi-axes of lengths /j. If the eigenvectors of the 
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metric are aligned with the lattice, i.e. if K is diagonal, then the smallest action is in 
fact given by (4.2). However, for a generic metric the ellipsoid points in some arbitrary 
direction and may be very elongated. In general, to estimate the smallest action we 


have to take into acconnt the geometry of that ellipsoid. Note that the density of the 
lattice is unity, while the volume of the ellipsoid is given by 



(4.4) 


Thus, we expect that when the volume reaches Vol(£^) ~ 1, there will typically exist an 
integer charge vector q within the ellipsoid. Using Stirling’s approximation, we then 
expect typical actions of the scale 



(4.5) 


That is, we expect the typical scale of the action to be set by the geometric mean 
of the eigenvalues, rather than by the largest eigenvalue. While the above is just a 
heuristic argument to determine the scale of the action, below we will arrive at the 
same parametric scaling via Minkowski’s theorem, which places an upper bound on the 
minimal action. 

4.1 The dominant instanton and the shortest lattice vector 

Computing the minimum size of (Q*)K~^(Q*)''', where the entries of Q* are arbitrary 
integers, corresponds to solving the shortest vector problem in the charge lattice. To 
hnd a basis of the canonically normalized lattice, we change coordinates to 


# = diag(/j) Sje, 


(4.6) 


where ff are the eigenvalues of the metric K, and the matrix Sj^ diagonalizes the metric 


SjKS^ = diag(/2). 


(4.7) 


The Lagrangian becomes 



(4.8) 


13 




where 


= Q*5Kdiag(/-i). (4.9) 

While all vectors dehne the lattice, we are interested in a reduced basis of shortest 
vectors , where all other elements of can be written as integral linear combina¬ 
tions of ^red [16]. This basis is called Minkowski reduced, and it minimizes the volume 
of the fundamental parallelepiped: 

det (=^,’^d.^red.) < det (^J.gd.^n.red.) , (4.10) 

where ^n.red. is an arbitrary basis of the lattice that is not related to the reduced basis 
by a unimodular transformation. While in general hnding a Minkowski reduced basis is 
very difficult, Minkowski’s theorem sets the scale of the problem by providing an upper 
bound for the volume of any centrally-symmetric convex set that does not contain a 
lattice point. In particular, any centrally-symmetric convex set of volume greater than 
2-^ det(=Sred.) contains a lattice point [16]. By considering a sphere of invariant radius 
p we have 

7r^/2 

r(w^l) l» (4.11) 

For the present case, consider the basis ^red. = Qred.*S'xdiag(/“^), where consists 
of N vectors of Q* that form a primitive basis. We then have an upper bound for the 
shortest vector in ^red. 

Min(||i2U||) <r'/"(]| + l])^(det(i2,^,))'"'. (4.12) 

For the determinant we can write 

det (^red.) = det (Qred.5'xdiag(/"^)) = y/det(K-i) det Qred., (4.13) 

To obtain the most stringent bound, we assume that the matrix Qred. has smallest 
possible determinant. Because the basis is already primitive, Qred. is a full rank, square, 
integer matrix, so its determinant is integer, and | det(Qi.ed.)| > 1- Let us assume there 
exists a matrix Qred. with unit determinant, which gives the most stringent Minkowski 
bound: 

Mm (||i?LJ|) < r‘/» (^ + l) A ( M . (4.14) 
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so that via Stirling’s approximation we have 


Mm(||i?U||) 



(4.15) 


While Minkowski’s theorem provides an upper bound, a lower bound is easily 
obtained by assuming that the eigenvectors of K are precisely aligned with the faces 
of the unit hypercube. In this case we have Min* ||) > I/Zat. However, when 

considering rotationally invariant ensembles of metrics K, the eigenvectors are almost 
surely not aligned with the faces of the hypercube, and thus the scale of the invariant 
length of the shortest charge vectors is set by (4.14). While the above result is a 
precise upper bound on the invariant length, we will hnd below that in the absence of 
hne-tuning the shortest lattice vector indeed approximately saturates the Minkowski 
bound. 

For the case that all metric eigenvalues are equal, fi = /, we have the constraint 



(4.16) 


which appears to prohibit eigenvalues / > y/NMpi for instantons with 5* ~ Mp\. 
However, the typical scale of the instanton action is set by the inverse geometric mean 
of the metric eigenvalues, and so no immediate constraint arises from Minkowski’s 
theorem in the general case where the metric eigenvalues are not identical. Furthermore, 
as explained in the introduction, in general the matrix Qred. is not necessarily directly 
related to the charges that appear in the effective potential that is relevant for inflation, 
so that in any case there is no direct relation between a constraint on the eigenvalues 
and the diameter of the fundamental domain relevant to inflation. 


4.2 Instanton actions in large N ensembles 

In the previous section we considered actions of the form 

(4.17) 


and argued that, up to the overall scale the instanton action is bounded by above 
by Minkowski’s theorem. While in general this only is an upper bound, we now examine 
ensembles of generic axion theories and demonstrate that the smallest instanton action 
indeed approximately saturates the bound (4.14). 
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Let us consider a theory with kinetic term 


c^n = lKi,de^de\ (4.18) 

where the lattice consists of the integer vectors Z"" in 6 coordinates, i.e. Qred. = L, and 
the metric K is chosen from an ensemble that is invariant under orthogonal transfor¬ 
mations. In particular, we will consider random matrices K that are in the centered 
Wishart or inverse Wishart ensembles. In order to estimate the leading instanton con¬ 
tribution, up to the overall scale of the action, we are interested in hnding the charge 
vector of least invariant length. In canonically normalized helds, the lattice is dehned 
by the basis 

^red. = 5'/fdiag(/^^). (4.19) 

The basis =Sred. rnay not be Minkowski reduced.® In general, the problem of hnding 
a Minkowski reduced basis is NP hard and directly maps to a shortest lattice vector 
problem [17]. In this work we employ the LLL algorithm' to numerically obtain a 
reduced basis with arbitrary accuracy [20]. 

The Minkowski bound is given by (4.14) 



Figure 2 shows the distribution of the ratio Minj(^}^)/pB for the Wishart ensemble. 

For specihc metric ensembles where the distribution of eigenvalues is known, we can 
evaluate the expected Minkowski bound analytically. For example, the determinant of 
Wishart matrices is distributed as the product of chi-square variables [21]. Evaluating 
the expectation value of the resulting product distribution we have 


N \ 

ny) = ff“r(/v + i) 

i=l / 



N 

T{N + 1). 


This gives a typical minimal action of 


(4.21) 


oi „ 4rV"(l + iV/2) ViVMp, . /s ViVMp, 
^ ~ yrivyrnv) /« ~ V ir /„ 


(4.22) 


®Note that the basis =Sred. is related to the Minkowski reduced basis by a unimodular transforma¬ 
tion, so the basis determinant, and hence the resulting bound from Minkowski’s theorem, is unchanged. 
^We used the Mathematica package by van der Kallen et al. [18, 19]. 
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1 



Figure 2. Left: Histogram of Minj(^^)//9B for N = 2 (faintest, rightmost peak) through 
N = 102 (boldest, leftmost peak), for the Wishart ensemble. Right: (Minj(<S}j)//?B) over N. 
Evidently, typical shortest lattice vectors are roughly half the maximum length allowed by 
the Minkowski bound. 


For the case of inverse Wishart matrices, as motivated for string effective theories in [22] , 
the typical largest eigenvalne is related to the scale of the entries a hj 
where [9, 23, 24] 


(T = 2 + log(4) - 2^1 + log(4) 0.30 . 


(4.23) 


Therefore, we have for metrics in the inverse Wishart ensemble. 


oi 

‘^CL 


5 ’ 


2 Ar3/2 


(4.24) 


Note that the preceding resnlts give the typical value of the minimal action, i.e. the 
value obtained when the metric is a typical member of the corresponding random matrix 
ensemble. Considerably larger values of the minimal action are possible if some of the 
eigenvalues fi of the metric are atypically small. 


5 Conclusions 

In this work we have assessed the limitations imposed on large-held axion inhation by 
the Weak Gravity Conjecture, and by the contributions of gravitational instantons. 

We hrst clarihed that the quantities bounded by the WGC — including the eigen¬ 
values of a certain charge matrix, cf. [3] — are nontrivially related to the diameter V of 
the axion fundamental domain, which is the relevant quantity for a putative held range 
bound excluding large-held inhation (in the absence of monodromy). In particular, if 
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/i < • • • < /at are the eigenvalues of the kinetic matrix K, /^r < M^\ does not imply 
that T> < Mpi, or that T> < \fNMp\. The diameter cannot be computed in general 
from knowledge of the /* alone: information about the eigenvectors of K is necessary 
in order to determine which terms in the potential dehne the relevant boundary of the 
fundamental domain. 

We then argued that gravitational instantons do not preclude large-held axion 
inhation. We hrst showed that in a theory of axions coupled to Einstein gravity, gravi¬ 
tational instantons alone suffice to fulhll the zero-form version of the WGC, expressed 
as the condition that a certain convex hull contains the unit ball. To determine whether 
such gravitational instantons necessarily contribute unsuppressed higher harmonics to 
the potential, we used Minkowski’s theorem to estimate the smallest gravitational in- 
stanton action, which is specihed by the shortest vector in the charge lattice. In this 
problem as well, information about the orientation of the eigenvectors of K was crucial. 
We found that in generic large N theories, 3^-^ ^ and so gravitational 

instanton contributions are under good control even for /at = M^i. 

We conclude that in theories of many axions, the limitations obtained to date from 
the WGC, and from gravitational instantons, do not exclude axion displacements as 
large as the upper bound set by observational limits on the tensor-to-scalar ratio [25]. 

Even so, it would be valuable to give a more precise characterization of quantum 
gravity constraints on axion inflation. As we have shown in this work, moving from 
single-axion theories to generic many-axion theories reveals nontrivial alignment phe¬ 
nomena that deserve continued exploration. Moreover, although the example of a flux 
compactihcation with a Planckian diameter [10] that we analyzed in [9] obeys the WGC 
condition on the quantities denoted fi in [3] , we have not determined whether the com¬ 
plete set of instantons in that theory fulhlls the convex hull condition required by the 
WGC. More generally, understanding how super-Planckian diameters in string theory 
might be limited by the WGC remains an important question. 
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